Two natural generalizations of knot theory are the study of spatially embedded graphs, and Kauffman's theory of virtual knots. In this paper we combine these approaches to begin the study of virtual spatial graphs.
Introduction
Knot theory is the study of isotopy classes of circles (or, for links, disjoint unions of circles) embedded in 3-space. There are many ways to extend the ideas of knot theory -two natural choices are the study of spatial graphs and Kauffman's theory of virtual knots [5] . The theory of spatial graphs studies isotopy classes of general graphs embedded in 3-space; in particular, there has been considerable work done on spatial θ-graphs [4, 8] . Kauffman's theory of virtual knots goes in a very different direction. Any knot can be described by its diagram, the result of projecting the embedding to a plane, retaining information about over-and under-crossings. Such a projection can be described by its Gauss code -the sequence of crossings as we move around the knot. However, there are many more such sequences than there are real knots; the problem of recognizing "realizable" Gauss codes is an old one [1, 2, 9] . One motivation for virtual knots is to provide "realizations" for the sequences which are not Gauss codes for classical knots.
It is natural to combine these two generalizations. In previous work, the authors extended the notion of Gauss codes to spatial graphs and looked at which codes were realizable by classical spatial graphs. The goal of this paper is to begin the study of virtual spatial graphs, which provide a way to represent the "non-realizable" Gauss codes. We will give the basic definitions, a few fundamental properties, and provide some examples. Future papers will continue various aspects of this study, such as looking at the notion of intrinsic linking in virtual spatial graphs.
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Defining Virtual Spatial Graphs

Definition and Reidemeister moves
Our definition of virtual spatial graphs is combinatorial, and closely follows Kauffman's definition of virtual knots [5] . First, we recall the definition of a classical spatial graph. A graph is a pair G = (V, E) of a set of vertices V and edges E ⊂ V × V . Unless otherwise stated, our graphs are connected and directed, so that each edge is an ordered pair of vertices. A spatial graph is an embedding of G in R 3 that maps the vertices to points and an edge (u, v) to an arc whose endpoints are the images of the vertices u and v, and that is oriented from u to v. We will consider these embeddings modulo equivalence by ambient isotopy. We can always represent such an embedding by projecting it to a plane so that each vertex neighborhood is a collection of rays with one end at the vertex and crossings of edges of the graph are transverse double points in the interior of the edges (as in the usual knot and link diagrams) [6] . An example of such a diagram is shown in Figure 1 . Kauffman [6] and Yamada [10] have shown that ambient isotopy of spatial graphs is Figure 1 : A graph diagram generated by a set of local moves on these diagrams which generalize the Reidemeister moves for knots and links. These Reidemeister moves for graphs are shown in Figure 2 . The first five moves (moves (I) -(V)) generate rigid vertex isotopy, where the cyclic order of the edges around each vertex is fixed. Moves (I) -(VI) generate pliable isotopy, where the order of the vertices around each edge can be changed using move (VI).
A virtual graph diagram is just like a classical graph diagram, with the addition of virtual crossings. We will represent a virtual crossing as an intersection of two edges surrounded by a circle, with no under/over information. So we now have three kinds of crossings: positive and negative classical crossings and virtual crossings (see Figure 3) . The idea is that the virtual crossings are not really there (hence the name "virtual"). To make sense of this, we extend our set of Reidemeister moves for graphs to include moves with virtual crossings. We need to introduce 6 more moves, (I*) -(VI*), shown in 
Gauss Codes
One motivation for the study of virtual spatial graphs comes from the Gauss code of a diagram for a spatial graph. Gauss codes for knot diagrams have a long history, and can be generalized to diagrams of any graph. The Gauss code simply records the sequence of (labeled) crossings along each edge of the graph, so abstractly the Gauss code is just a set of sequences of symbols from some alphabet so that each symbol appears twice in the set. Traditionally, the Gauss code is associated with an immersion of a closed curve (or graph) in the plane, so we begin by looking at the shadow of our graph diagram, where the over/under information at the crossings is ignored. Figure 5 illustrates how we write down the Gauss code for such a shadow. To get the Gauss code for the original diagram, we can augment decorate the Gauss code for its shadow by recording whether each crossing is an over-crossing (o) or an under-crossing (u). If the graph is directed (i.e. the edges are oriented), we can also label each crossing by its sign, positive (+) or negative (-). Figure 6 shows the Gauss code for a directed graph diagram. (Clearly, a Gauss code must have the two occurrences of each symbol labeled with the same sign, and opposite over/under information.) Even when we are considering only shadows, not all Gauss codes can be realized by the shadow of some graph diagram -those that can be are called realizable or planar codes. The primary problem in the study of Gauss codes is to find algorithms for determining whether a Gauss code is realizable. For closed curves, there are several algorithms [1, 2, 9] ; the authors have generalized these methods to general graphs (though not necessarily as polynomial time algorithms) [3] .
Virtual graph diagrams also have Gauss codes, produced in exactly the same way, except that virtual crossings are ignored (hence we say that they are not "real" crossings).
Theorem 1 Every Gauss code can be realized as the code for a virtual graph diagram.
Proof: We begin by embedding small neighborhoods of the vertices and the crossings in the plane, with the crossings decorated by orientation and over/under information. The rest of the diagram consists of arcs between the vertices and crossings, and the Gauss code determines the endpoints and orientations of these arcs. Simply draw in any collection of arcs with the desired endpoints, putting in virtual crossings wherever the arcs cross. The result is a virtual graph diagram with the desired Gauss code. 2
Remark: This proof will most likely not yield the "best" virtual graph diagram. It would be interesting (though undoubtedly difficult) to find an algorithm to produce a virtual graph diagram from a Gauss code with a minimal number of virtual crossings. Presumably, finding this minimal number, the virtual crossing number would be as difficult as finding the classical crossing number of a knot or graph diagram.
Since we now have maps from the space of virtual graph diagrams to the space of Gauss codes and vice versa, it is natural to ask whether these spaces are equivalent. We would like to define virtual spatial graphs as simply equivalence classes of abstract Gauss codes modulo the analogues of Reidemeister moves (I) -(V) (since moves (I*) -(VI*) do not change the Gauss code). However, while every virtual graph diagram has a Gauss Code: x1H2z x2ADCAB2y x3FG1w y1EDCFGI3w y3BEH3z w2I1z well-defined Gauss code, it is possible for different diagrams to have the same Gauss code, so the inverse map may not be well-defined. To show that this definition of a virtual spatial graph is the same as our original one, we need to show that two virtual graphs with the same Gauss code are virtually equivalent.
Theorem 2 If two virtual graph diagrams have the same Gauss code, then they are virtually equivalent.
Proof: Our proof follows the argument of the analogous theorem for virtual knots [5] . Assume that D and E are two virtual graph diagrams with the same Gauss codes, so they have the same classical crossings, with the same local orientations and over/under behavior. By an isotopy, we can assume that these classical crossings are in the same positions in the plane, and that a small neighborhood of the crossings is the same in both diagrams. The arcs connecting these real crossings in each diagram contain only virtual crossings. Say that the crossings a and b are connected by the arc γ in D and δ in E. Since γ and δ have the same endpoints, and have only virtual crossings, γ may be moved to δ by purely virtual local moves (i.e. moves (I*) -(VI*)) which do not change the Gauss code. Doing this in turn with every arc in D results in a virtual equivalence between D and E, and completes the proof. 2 Corollary 1 If a virtual graph diagram has a Gauss code which is realizable, then it is virtually equivalent to a classical graph diagram.
Invariants of Virtual Spatial Graphs
Fundamental group
The fundamental group of a classical knot or spatial graph is the fundamental group of its complement in S 3 . Given a diagram for the knot or graph, this group can be given a presentation, the Wirtinger presentation, involving one generator for each arc in the diagram and one relation for each crossing or vertex, as shown in Figure 7 . In the relation at the crossing, changing the direction of an edge interchanges the corresponding generator in the word with its inverse. Kauffman [5] defined the fundamental group of a virtual knot by constructing a presentation from a diagram using a generator for each arc between classical crossings, and a relation at each classical crossing. We will define the fundamental group of a virtual spatial graph in the same way, by writing down a presentation with one generator for each arc between classical crossings (or vertices), and a relation (as in Figure 7 ) at each classical crossing or vertex. An example is shown in Figure 8 . We should note that the fundamental group is an invariant of spatial graphs up to pliable vertex isotopy - Gauss Code:
x1 uH-2z x2 uA-oD-uC-oA-uB+ 2y x3 uF+uG-1w y1 oE+uD-oC-oF+oG-uI-3w y3 oB+uE+oH-3z w2 oI-1z 
Virtual Graph Quandle
The quandle is a combinatorial knot invariant that was generalized to virtual knots by Kauffman [5] , and strengthed by Manturov [7] . Modifying Manturov's approach, we can construct a similar invariant for virtual spatial graphs, though for general graphs this invariant is less potent than in the case of knots. Let M be a set with one symbol for each arc in a diagram of G. Further, let M have an operation •, an involution a → a, and an involution f . Construct the set X of all words in the elements of M using •, a and f .
The virtual graph quandle Q(G), an invariant of the virtual spatial graph G, is formed from X by quotienting out the relations listed below. Following each relation, we note the Reidemeister move(s) that require that relation. Note that the relation f 2 (a) = a is overlooked in the treatment of I * in [7] . To encode information about the embedding, we identify edge labels so that the arcs meeting in a crossing are labeled as in Figure 9 .
The first three relations are necessary for invariance under Reidemeister moves on the edges of G, and are the same as the relations needed for the knot quandle. The virtual quandle crossing relations.
We now need to add relations to give invariance under classical Reidemeister moves involving a vertex.
In addition, to ensure invariance under moves V, VI and V * , we require that all arcs meeting in a vertex be labeled as in Figure 10 . That is, we identify the labels of two arcs entering the vertex, and we identify the label of an arc entering the vertex with the bar of the label of an arc leaving the vertex. a a a Figure 10 : The virtual quandle relation at a vertex.
The following relations ensure invariance under the virtual Reidemeister moves. Notice that move III * has no effect on the edge labels. 
Yamada polynomial
Yamada introduced a polynomial invariant R of spatial graphs in [10] . In this section we will review the definition of this invariant, and show that it can be extended to an invariant of virtual spatial graphs. Yamada's polynomial for an undirected graph G can be defined combinatorially using skein relations as the unique polynomial R(G)(A) which satisfies the following formulas:
, where e is a nonloop edge in G, G\e is the result of deleting e, and G/e is the result of contracting e.
R(G
, where ∐ denotes disjoint union. 
, where G 1 ∨ G 2 is the graph obtained by joining G 1 and G 2 at any single vertex.
R(B n ) = −(−σ)
n , where B n is the n-leafed bouquet of circles and σ = A + 1 + A −1 . In particular, if G is a single vertex, R(G) = R(B 0 ) = −1.
R(∅) = 1
Using these skein relations, R(G) can be computed by reducing the graph G to a bouquet of circles. R(G) is an invariant of spatial graphs up to regular rigid vertex isotopy, meaning that it is invariant under moves (II), (III) and (IV) in Figure 2 , but not moves (I), (V) or (VI) [10] . The behavior of R under these moves are shown in Figure 13 (see [10] ): From these formulas we see that we can obtain an invariant of rigid vertex isotopy (invariance under moves (I) -(V)) by definingR(G) = (−A) −m R(G), where m is the smallest power of A in R(G). This will still not be invariant under move (VI), however, so it is not an invariant of pliable vertex isotopy.
In the case of virtual spatial graphs we can use exactly the same skein relations to compute R(G) and R(G), simply by ignoring virtual crossings. The only difference is that we may end up with a virtual bouquet -a bouquet of circles with only virtual crossings, as in Figure 14 . We will simply ignore the virtual crossings. In other words, if G is a virtual bouquet of n circles, then R(G) = R(B n ) = −(−σ) n . Given a planar graph, a planar diagram for the graph is called trivial. It is an open question whether the Yamada polynomial for a non-trivial diagram of a planar graph can be the same as the polynomial for the trivial diagram. However, it 
The collection of virtual knots and links T(G)
Kauffman [6] introduced a topological invariant of a spatial graph (i.e. an invariant of pliable vertex isotopy) defined as the collection of all knots and links formed by a local replacement at each vertex of the graph. Each local replacement joins two of the edges incident to the vertex and leaves the other edges as free ends (i.e. creates new vertices of degree one at the end of each of the other edges). Figure 16 shows the possible replacements for vertices of degree 3, 4 and 5. Choosing a replacement at each vertex of a graph G creates a link L(G) (after erasing all unknotted arcs). T (G) is the collection of all links L(G) for all possible choices of replacements. Kauffman showed that T (G) is a pliable vertex isotopy invariant of G [6] . For virtual graphs, we can define T (G) in exactly the same way, except that it is now a collection of virtual links. Kauffman's proof easily generalizes to show that T (G) is also an invariant of virtual pliable vertex isotopy. Figure 17 gives examples of T (G) for some virtual spatial graphs.
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